Let f be a nonnegative integer valued function on the vertex-set of a graph. A graph is strictly f -degenerate if each nonempty subgraph Γ has a vertex v such that deg Γ (v) < f (v). In this paper, we define a new concept, strictly f -degenerate transversal, which generalizes list coloring, ( f 1 , f 2 , . . . , f κ )-partition, signed coloring, DP-coloring and L-forested-coloring. A cover of a graph G is a graph H with vertex set
• A generalization of DP-coloring, signed coloring and list coloring By the definitions, DP-coloring is a special case of general strictly f -degenerate transversal of H, which implies that strictly f -degenerate transversal is a generalization of DP-coloring. Dvořák and Postle [20] have pointed out that DP-coloring is a generalization of list coloring; Kim and Ozeki [34] showed that DP-coloring is also a generalization of signed coloring. Hence, strictly f -degenerate transversal is a generalization of DP-coloring, signed coloring and list coloring.
• A generalization of ( f 1 , f 2 , . . . , f κ )-partition and L-forested-coloring Next, we show that strictly f -degenerate transversal is a generalization of ( f 1 , f 2 , . . . , f κ )-partition. An ID-cover of a graph G is a cover such that (u, p) and (v, q) are adjacent in H if and only if uv ∈ E(G) and p = q. In other words, an ID-cover of a graph G is a Cartesian product of G and an independent κ-set. Note that ID-cover of G is a special cover of G. We give a relation between the existence of a strictly f -degenerate transversal in an ID-cover H and the ( f 1 , f 2 , . . . , f κ )-partitionable of G. Proposition 1. Let ( f 1 , f 2 , . . . , f κ ) be a sequence of nonnegative integer valued functions on V(G), and (H, f ) be a valued ID-cover by f (v, 1) = f 1 (v), f (v, 2) = f 2 (v), . . . , f (v, κ) = f κ (v) for each v ∈ V(G). Then H has a strictly f -degenerate transversal if and only if G is ( f 1 , f 2 , . . . , f κ )-partitionable.
Proof. (=⇒)
Suppose that R is a strictly f -degenerate transversal of H. For each i ∈ [κ], let R i be the set of vertices in R such that they were colored with i, and let V i = {v | (v, i) ∈ R}. It is observed that (R 1 , R 2 , . . . , R κ ) is a partition of R and (V 1 , V 2 , . . . , V κ ) is a partition of V(G). By the definition of strictly f -degenerate transversal, each induced subgraph , there is no edge between distinct subsets R i and R j , thus R 1 ∪ R 2 ∪ · · · ∪ R κ is a strictly f -degenerate transversal.
Hence, strictly f -degenerate transversal is a generalization of ( f 1 , f 2 , . . . , f κ )-partition, and hence is a generalization of L-forested-coloring.
In Section 2, a degree type result is given, which generalizes Brooks' theorem, Gallai's theorem, degree-choosable, signed degree-colorable, DP-degree-colorable. In Section 3, we show that the degree type result is self-strengthening. In Section 4, a structural result is given for a minimal counterexample of the existence of strictly f -degenerate transversal. In Section 5, many applications of the results in Section 2-4 is given. In the final section, we pose and discuss some open problems.
Degree type result
The following result was obtained by Borodin [8] and, independently, by Bollobás and Manvel [7] . Theorem 2.1. Let G be a connected graph with maximum degree ∆(G) = ∆ ≥ 3 and not the complete graph K ∆+1 , and let t 1 , t 2 , . . . , t κ be positive integers. If κ ≥ 2 and
Brooks' theorem follows from Theorem 2.1 by setting t 1 = t 2 = · · · = t κ = 1, and the vertex arboricity follows from Theorem 2.1 by setting t 1 = t 2 = · · · = t κ = 2. An analogue to Brook's theorem in terms of list coloring was obtained by Vizing [52] and, independently, by Erdős, Rubin and Taylor [21] . Theorem 2.2. Let G be a connected graph with maximum degree ∆(G) = ∆ ≥ 3 and not the complete graph
Borodin, Kostochka and Toft [12] gave a common generalization of Theorem 2.1 and Theorem 2.2 by replacing the constants with functions and forbidding some obstacles. Theorem 2.3. Let G be a connected graph with maximum degree ∆(G) = ∆ ≥ 3 and not the complete graph
Borodin gave a characterization of degree-choosable graphs.
Borodin, Kostochka and Toft [12] further extended Theorem 2.3 and Theorem 2.4 to the following result with a degree-condition
Theorem 2.5 (Borodin, Kostochka and Toft [12] ). Let G be a connected graph and f 1 , f 2 , . . . , f κ be functions from V(G) to Z * with degree-condition ( * ). Then G is ( f 1 , f 2 , . . . , f κ )-partitionable if and only if G is not hard-constructible.
Remark 1.
The exact definitions of monoblock in Theorem 2.3, R-constructible in Theorem 2.4 and hard-constructible in Theorem 2.5 are not given, so we refer the reader to [12] for more details.
As proved in [44] by Máčajová, Raspaud and Škoviera, every signed graph G satisfies χ ± (G) ≤ ∆(G) + 1 and there are three classes signed simple graphs for which the equality holds. Schweser and Stiebitz [48] extended this Brooks' type result by characterizing the degree choosable of signed multigraphs.
A graph G is DP-degree-colorable if (H, f ) has a DP-coloring whenever f is a function from V(H) to {0, 1} and
A GDP-tree is a connected graph in which every block is either a cycle or a complete graph. Bernshteyn, Kostochka, and Pron [5] gave a Brooks' type result for DP-coloring. More detailed characterization of DP-degree-colorable multigraphs can be found in [34] . Theorem 2.6 (Bernshteyn, Kostochka, and Pron [5] ). Let G be a connected graph. The graph G is not DP-degreecolorable if and only if G is a GDP-tree.
In the following, we give a degree type result which can unify all the mentioned results in this section. Firstly, some preliminaries are presented.
• The graph K p is the Cartesian product of the complete graph K p and an independent κ-set.
• The circular ladder graph Γ n is the Cartesian product of the cycle C n and an independent set with two vertices.
• The Möbius ladder M n is the graph with vertex set 
Definition 2.
A building cover is a valued cover (H, f ) of B such that
for each v ∈ V(B) and at least one of the following holds:
(i) The kernel of H is isomorphic to B. We call this cover a monoblock.
(ii) If B is isomorphic to a complete graph K p for some p ≥ 2, then the kernel of H is isomorphic to K p with f being constant on each component of K p .
(iii) If B is isomorphic to an odd cycle, then the kernel of H is isomorphic to the circular ladder graph with f ≡ 1.
(iv) If B is isomorphic to an even cycle, then the kernel of H is isomorphic to the Möbius ladder with f ≡ 1.
Definition 3.
Every building cover is constructible. A valued cover (H, f ) of a graph G is also constructible if it is obtained from a constructible valued cover (H (1) , f (1) ) of G (1) and a constructible valued cover (H (2) , f (2) ) of G (2) such that all of the following hold:
(i) the graph G is obtained from G (1) and G (2) by identifying w 1 in G (1) and w 2 in G (2) into a new vertex w, and (ii) the cover H is obtained from H (1) and H (2) by identifying (w 1 , q) and (w 2 , q) into a new vertex (w, q) for each q ∈ [κ], and
Lemma 2. Let G be a connected graph and H be a valued cover with
, then H has a strictly f -degenerate transversal.
Proof. Suppose that G is a connected graph with minimum number of vertices such that there exist a valued cover (H, f ) satisfying the degree condition and having no strictly f -degenerate transversals. Note that each component of G − w and related cover satisfies the condition of Lemma 2. By the minimality, H − X w has a strictly f -degenerate transversal R. Since f (w,
, there exists a vertex (w, q) in X w such that it has less than f (w, q) neighbors in R, which implies that (w, q) together with R is a strictly f -degenerate transversal of H, a contradiction. Now, we are ready to formulate our main result.
Proof. Suppose that ww 1 E(G) and ww 2 ∈ E(G). By Lemma 4, M ww 2 is a perfect matching between X w and X w 2 . Let (w 1 , 1) and (w 2 , q) be in the same component of
In the former case, we choose a vertex (w, p) in X w adjacent to (w 2 , q) and reduce the value of f for each neighbor of (w, p) by one to obtain a valued cover (H − X w , f ); in the later case, we choose a vertex (w, p) in X w nonadjacent to (w 2 , q) and reduce the value of f for each neighbor of (w, p) by one to obtain a valued cover (H − X w , f ). By the feature of the function, f (w 1 , 1) f (w 2 , q) and the valued cover (H − X w , f ) is non-constructible, thus there exists a strictly f -degenerate transversal R for H − X w . Hence, R together with (w, p) is a strictly f -degenerate transversal of H.
Take a vertex w in G with the minimum degree δ = δ(G); furthermore, if G is not δ-regular, then we choose w adjacent to a vertex of degree greater than δ.
By Lemma 5, w is adjacent to all the vertices of G − w and thus G = K δ+1 . Subcase 1.1. The function f is not semi-constant.
Suppose that there exists a component Z of H such that f is not constant on it. Let m be the minimum value of f over all the vertices in Z. Hence, there exist two adjacent vertices (u, p) and
Let S be a set of vertices consisting of (v, q) and m other neighbors of (u, p) in the component Z. We obtain a function f on H − X S from f by the following: for each vertex
, where X S is the union of X s taking over all X s which containing some members of S, and τ(w, t) is the number of neighbors of (w, t) in S. Note that the degree of u decreases m + 1, but
Note that G − S = K δ−m is connected. By Lemma 2, H − X S has a strictly f -degenerate transversal R, which implies that R together with S is a strictly f -degenerate transversal of H, a contradiction.
Let (w, q) be in a component Z of H and f be constant on Z. Let f be obtained from f by decreasing 1 for each neighbor of (w, q). By the previous arguments, f must be semi-constant, for otherwise H − X w has a strictly f -degenerate transversal R, which implies that R together with (w, q) is a strictly f -degenerate transversal of H, a contradiction. Hence, the closed neighborhood of (w, q) induce a component of H and each component of H is isomorphic to K δ+1 , and hence H is isomorphic to K δ+1 and f is semi-constant, a contradiction.
Note that δ(G) = δ and δ(G − w) ≥ δ − 1, thus each end-block of G − w has at least δ vertices. By Lemma 5, w is adjacent to each non-cut vertex in the end-blocks of G − w, and deg
Moreover, G − w has only two end-blocks, each one is isomorphic to K 2 . By the choice of w, the graph G is 2-regular, hence it is a cycle and f ≡ 1. Thus, H is a circular ladder graph or Möbius ladder. It is easy to observe that, if G is an odd cycle and H is a Möbius ladder, or G is an even cycle and H is a circular ladder graph, then H has a strictly 1-degenerate transversal (independent set) of H, a contradiction.
("only if" part =⇒) Suppose that G is a connected graph with minimum number of vertices such that (H, f ) is constructible and H has a strictly f -degenerate transversal. If H is a monoblock, then the kernel of H is isomorphic to G, but G is not strictly f -degenerate, a contradiction. Suppose that G is isomorphic to K p , H is isomorphic to K p , f is semi-constant on H and H has a strictly f -degenerate transversal R.
] is a complete graph, thus it is not strictly f -degenerate, a contradiction. If G is isomorphic to an odd cycle, then the kernel of H is isomorphic to the circular ladder graph with f ≡ 1; if G is isomorphic to an even cycle, then the kernel of H is isomorphic to the Möbius ladder with f ≡ 1. It is easy to check that H has no strictly 1-degenerate transversal in both cases, a contradiction. Now, suppose that constructible cover (H, f ) of G is obtained from constructible cover (H (1) , f (1) ) of G (1) and constructible cover (H (2) , f (2) ) of G (2) as in Definition 3. Let R be a strictly f -degenerate transversal of H and (w, 1) ∈ R. By the minimality,
for each x ∈ R , this contradicts the fact that R is a strictly f -degenerate transversal.
Strengthened Result
In this section, we show that Theorem 2.5 is self-strengthening, and it can be strengthened to the following stronger form.
Theorem 3.1 (Borodin, Kostochka and Toft [12] ). Let G be a connected graph and f 1 , f 2 , . . . , f κ be functions from
Similar to Theorem 3.1, Theorem 2.7 is also self-strengthening. Let R be a strictly f -degenerate transversal of a valued cover (H, f ), we define def(R) as the following, 
and q ∈ [κ], if and only if H is non-constructible.
Proof. By Theorem 2.7, it suffices to prove that, if H has a strictly f -degenerate transversal, then it has a strictly f -degenerate transversal R such that deg
where R is the set of all the strictly f -degenerate transversals of H. Next, we show that R * is the desired set. Suppose that there exists a vertex (w, p) ∈ R * with deg R * (w, p) > f (w, p). Let D be obtained from R * by deleting (w, p).
thus there exists a vertex (w, q) with deg D (w, q) < f (w, q). Let R be obtained from R * by replacing (w, p) with (w, q).
It is easy to observe that R ∈ R.
which contradicts the minimality of def(R * ).
Theorem 3.3. Let G be a connected graph and (H, f ) be a valued cover of
Proof. By Lemma 2, H has a strictly f -degenerate transversal. It suffices to prove that H has a strictly f -degenerate
where R is the set of all the strictly f -degenerate transversal of H. Next, we show that R * is the desired set. Suppose that there exists a vertex (w, p) ∈ R * with deg
Gallai type result
Critical graphs in various coloring problems have been extensively studied, in this section we give some structural results on critical graph with respect to strictly f -degenerate transversal.
A Gallai tree is a connected graph in which every block is either a complete graph or an odd cycle. The following structural result was originally proved by Gallai.
Theorem 4.1 (Gallai [24] ). Let k ≥ 3 and let G be a (k + 1)-critical graph. Let [36] ). Let k ≥ 3 and let G be a graph. Suppose that L is a list k-assignment for G such that G is L-critical, and
Then each component of G[D] is a Gallai tree.
A graph is DP-(k + 1)-critical if χ DP (G) = k + 1 and χ DP (G − v) = k for all v ∈ V(G). The next is a more general one, DP-critical graphs. [5] ). Let k ≥ 3 and let G be a graph. Suppose that G is a DP-(k + 1)-critical, and
Theorem 4.3 (Bernshteyn and Kostochka
D := {v ∈ V(G) | deg G (v) = k}.
Then each component of G[D]
is a GDP-tree.
Let G be a graph and (H, f ) be a valued cover of G. The pair (H, f ) is minimal non-strictly f -degenerate if H has no strictly f -degenerate transversal, but (H − X v , f ) has a strictly f -degenerate transversal for each v ∈ V(G). In this section, we give some structural results on minimal non-strictly f -degenerate pair (H, f ).
The following result is about the minimum degree of the critical graphs.
Theorem 4.4. Let G be a graph and (H, f ) be a valued cover of G. If (H, f ) is a minimal non-strictly f -degenerate pair, then G is connected and
Proof. It is observed that G is connected. Suppose that G has a vertex w such that f (w,
By the minimality, H − X w has a strictly f -degenerate transversal T. Note that
thus there exists a vertex (w, q) such that deg T (w, q) < f (w, q). Hence, (w, q) together with T is a strictly f -degenerate transversal of H. Proof. By the minimality, H − v ∈F X v , f has a strictly f -degenerate transversal T. Let H = H − v F X v and τ(v, q) be the number of neighbors of (v, q) in T. We define a new function f on H by f (v, q) = max{0, f (v, q) − τ(v, q)} for each v ∈ V(G ) and q ∈ [κ]. Note that
The next theorem is an analogue to Theorem 4.1, 4.2 and 4.3. Let
for each v ∈ V(G ). If H has a strictly f -degenerate transversal T , then T ∪ T is a strictly f -degenerate transversal of H, a contradiction. So we may assume that H has no strictly f -degenerate transversal. By Theorem 2.7, (H , f ) is constructible. This implies that G is a cycle or a complete graph or
Applications
In this section, we give several applications of our main results, some of them are new and the others are known. Using our results in the previous sections, some proofs are very short, so we omit them.
Theorem 5.1. If G is a strictly m-degenerate graph and (H, f ) is a valued cover of G with f (v,
Proof. Suppose that G is a counterexample to the theorem with minimum number of vertices. It is observed that G is connected and (H, f ) is a minimal non-strictly f -degenerate pair. By Theorem 4.4, the minimum degree of G is at least m, which contradicts the fact that G is strictly m-degenerate.
This immediately implies the following results. [20] ). Every strictly m-degenerate graph is DP-m-colorable.
Theorem 5.2 (Dvořák and Postle

Theorem 5.3.
If G is a strictly m-degenerate graph and
Duffin [19] showed that every K 4 -minor-free graph is strictly 3-degenerate, so we have the following result.
Theorem 5.4. Every K 4 -minor-free graph can be partitioned into an independent set and an induced forest. Theorem 5.5 (Li and Wang [40] ). Let G be a planar graph without subgraphs isomorphic to the configurations in Fig. 1 , and let (H, f ) be a valued cover of
, then H has a strictly f -degenerate transversal. [40] ). Let G be a toroidal graph without subgraphs isomorphic to the configurations in Fig. 1 , and let (H, f ) be a valued cover of
Theorem 5.6 (Li and Wang
is a 2-connected 4-regular graph, then H has a strictly f -degenerate transversal.
Corollary 1.
If G is a toroidal graph without subgraphs isomorphic to the configurations in Fig. 1 , then it is (1, 3)-partitionable and (2, 2)-partitionable.
Theorem 5.7 (Huang, Chen and Wang [31] ). Every toroidal graph without 5-cycles adjacent to 3-cycles has list vertex arboricity at most two.
Theorem 5.8 (Zhang [58] ). Every toroidal graph without 5-cycles has list vertex arboricity at most two.
There are mutually adjacent 3-, 4-and 5-cycles in each configuration of Fig. 2 , so the class of graphs without these configurations is a large class, thus they are forbidden in the next theorem. [40] ). Let G be a planar graph without subgraphs isomorphic to the configurations in Fig. 2 . Let H be a cover of G and f be a function from
Theorem 5.9 (Li and Wang
The following Theorem 5.10-5.14 are direct consequences of Theorem 5.9.
Theorem 5.10 (Sittitrai and Nakprasit [49] ). Let G be a planar graph without 4-cycles adjacent to 3-cycles. Let H be a cover of G and f be a function from Theorem 5.11 (Sittitrai and Nakprasit [49] ). Let G be a planar graph without 4-cycles adjacent to 3-cycles. If H is a cover of G and κ ≥ 2, then H has a strictly 2-degenerate transversal.
When we give an ID-cover, Theorem 5.10 implies the following results by Borodin and Ivanova [11] .
Theorem 5.12 (Borodin and Ivanova [11] ). Let G be a planar graph without 4-cycles adjacent to 3-cycles. If
Theorem 5.13.
(i) (Borodin and Ivanova [10] ) Every planar graph without 4-cycles adjacent to 3-cycles is 4-choosable.
(ii) (Borodin and Ivanova [11] ) Every planar graph without 4-cycles adjacent to 3-cycles has list vertex arboricity at most two.
Theorem 5.14 (Raspaud and Wang [46] ). Every planar graph without 4-cycles has vertex arboricity at most two.
For toroidal graph G,
Thus every toroidal graph is strictly 7-degenerate.
Theorem 5.15. Let G be a toroidal graph and (H, f ) be a valued cover.
is a 2-connected 6-regular graph, then H has a strictly f -degenerate transversal.
Proof. (i)
This follows from the fact that G is strictly 7-degenerate and Theorem 5.1.
(ii) Suppose that G is a counterexample to Theorem 5.15 with minimum number of vertices. It is observed that G is connected and (H, f ) is a minimal non-strictly f -degenerate pair. By Theorem 4.4, the minimum degree of G is at least 6, this together with (1) implies that G is 6-regular and every face is a 3-face. Hence, G is a 2-connected 6-regular graph, which contradicts Theorem 2.7.
The following result is a direct consequence of Theorem 5.15 and it answers a question posed in [16] . (Wang, Chen and Wang [56] ). If G is a toroidal graph, then the list vertex arboricity is at most four. Moreover, the list vertex arboricity is four if and only if K 7 is a subgraph of G.
Theorem 5.16
Chartrand and Kronk [14] showed that the vertex arboricity of a strictly m-degenerate graph is at most m 2 . Xue and Wu [57] enhanced this result to the following list vertex arboricity. [57] ). The list vertex arboricity of a strictly m-degenerate graph is at most m 2 . Proof. Let f 1 , f 2 , . . . , f κ be functions from V(G) to {0, 2}, and let (H, f ) be a valued ID-cover of G with f (v,
Theorem 5.17 (Xue and Wu
. By Theorem 5.1, H has a strictly f -degenerate transversal, which implies that the list vertex arboricity of G is at most m 2 . By Euler's formula, every planar graph is strictly 6-degenerate, thus we immediately obtain the following result.
Theorem 5.18 (Chartrand, Kronk and Wall [15] ). Every planar graph has vertex arboricity at most three.
Later, Chartrand and Kronk [14] constructed an example of a planar graph with vertex arboricity three to show the bound is sharp. Note that every graph with maximum degree ∆ is ∆-degenerate, thus Theorem 5.17 implies the following result. (Chartrand, Kronk and Wall [15] , Chartrand and Kronk [14] ). Every graph with maximum degree ∆ has vertex arboricity at most Matsumoto [43] showed that the linear vertex arboricity of G is also at most 
Theorem 5.19
, then H has a strictly f -degenerate transversal R such that the maximum degree of H[R] is at most one.
An analogous to BrooksâĂŹ Theorem for vertex arboricity was obtained by Kronk and Mitchem [37] .
Theorem 5.22 (Kronk and Mitchem [37] ). Let G be a connected graph with maximum degree ∆. If it is neither a complete graph of odd order nor a cycle, then the vertex arboricity is at most
Borodin, Kostochka and Toft [12] obtained the following Brooks' type result for linear list vertex arboricity.
Theorem 5.23 (Borodin, Kostochka and Toft [12] ). Let G be a connected graph with maximum degree ∆. If it is neither a complete graph of odd order nor a cycle, then the linear list vertex arboricity is at most
Indeed, we show the following stronger result, which together with Theorem 3.2 implies Theorem 5.23.
Theorem 5.24. Let G be a connected graph with maximum degree ∆ ≥ 3. Let H be a cover of G and f be a function from V(H) to {0, 1, . . . , ∆ − 1}. If (H, f ) is not a building cover with G = K ∆+1 , and
Since G is ∆-regular and (H, f ) is constructible, the end-blocks of G must be complete graphs. The regularity implies that G is the complete graph K ∆+1 and (H, f ) should be a building cover, which is a contradiction.
Open discussions
In this section, we give some problems which we are considering and some challenging open problems.
Problem 1
Farzad [22] showed that every planar graph without 7-cycles is 4-choosable. Huang, Shiu and Wang [29] showed that every planar graph without 7-cycles has vertex arboricity at most two. Conjecture 1. Let G be a planar graph without 7-cycles. Let H be a cover of G and f be a function from
Recently, Kim et al. proved the following result which partially support the conjecture. Theorem 6.1 (Kim, Liu and Yu, [33] ). Every planar graph without 7-cycles and butterflies is DP-4-colorable, where a butterfly is a graph isomorphic to the configuration depicted in Fig. 3 . 
Problem 2
Huang and Wang [30] proved that every planar graph without chordal 6-cycles has vertex arboricity at most two. Hu et al. [27] proved that every planar graph without chordal 6-cycles is 4-choosable. It is possible that the following conjecture is true. Conjecture 2. Let G be a planar graph without chordal 6-cycles. Let H be a cover of G and f be a function from V(H)
Problem 3
Choi and Zhang [18] proved that every toroidal graph without 4-cycles has vertex arboricity at most two. Chen, Huang and Wang [16] extended this result and showed that every toroidal graph without 4-cycles adjacent to 3-cycles has list vertex arboricity at most two. Chen, Huang and Wang [16] showed that the configuration in Fig. 4 is reducible for list vertex arboricity at most two. But Kim and Yu [35] showed that this is irreducible for DP-4-coloring, so we cannot trivially obtain a solution to the DP-4-coloring problem.
Very recently, Wang and Wang [54] gave the following result which improves all the results mentioned in this subsection. Theorem 6.2. Let G be a toroidal graph without subgraphs isomorphic to the configurations in Fig. 5 . Let H be a cover of G and f be a function from
Since Fig. 5b is a proper subgraph of Fig. 2b and Fig. 2c , thus the class of toroidal graphs without subgraphs isomorphic to the configurations in Fig. 2 is a superclass of that with respect to Fig. 5. Conjecture 3. Let G be a toroidal graph without subgraphs isomorphic to the configurations in Fig. 2 . Let H be a cover of G and f be a function from
Problem 4
It is known that every triangle-free planar graph is 3-colorable [25, Grötzsch Theorem], but it is not 3-choosable [53] . Note that every triangle-free planar graph is 3-degenerate, thus it is 4-choosable. When triangles are allowed in planar graph but the distance of triangles is at least one, the graph is also 4-choosable. Wang and Lih [55] proved that every planar graph without intersecting triangles is 4-choosable. Luo [41] proved that every toroidal graph without intersecting triangles is 4-choosable. Li and Wang proved the following result as a corollary in [39, Corollary 1]. [39] ). Every planar graph without intersecting triangles is DP-4-colorable.
Theorem 6.3 (Li and Wang
Chen et al. [17] showed that every planar graph without intersecting triangles has vertex arboricity at most two. Analogically, Cai et al. [13] proved that every planar graph without intersecting 5-cycles has vertex arboricity at most two, while Lv et al. [42] proved that every planar graph without intersecting 5-cycles is DP-4-colorable. Very recently, Wang and Wang [54] showed the following theorem for planar graphs without intersecting 5-cycles. Theorem 6.4. Let G be a planar graph without intersecting 5-cycles. Let H be a cover of G and f be a function from V(H) to {0, 1, 2}. If f (v, 1) + f (v, 2) + · · · + f (v, κ) ≥ 4 for each v ∈ V(G), then H has a strictly f -degenerate transversal.
So it is reasonable to give the following two conjectures.
Conjecture 4.
Let G be a planar/toroidal graph without intersecting triangles. Let H be a cover of G and f be a function from V(H) to {0, 1, 2}. If f (v, 1) + f (v, 2) + · · · + f (v, κ) ≥ 4 for each v ∈ V(G), then H has a strictly f -degenerate transversal.
Conjecture 5. Let G be a toroidal graph without intersecting 5-cycles. Let H be a cover of G and f be a function from V(H) to {0, 1, 2}. If f (v, 1) + f (v, 2) + · · · + f (v, κ) ≥ 4 for each v ∈ V(G), then H has a strictly f -degenerate transversal.
Problem 5
Thomassen considered the partition of planar graphs into two degenerate graphs. Theorem 6.5 (Thomassen [50] ). Every planar graph can be partitioned into a forest and a 2-degenerate graph. Theorem 6.6 (Thomassen [51] ). Every planar graph can be partitioned into an independent set and a 3-degenerate graph.
As a consequence, we obtain the following corollary.
Corollary 2.
Every planar graph can be partitioned into a strictly 1 -degenerate graph and a strictly 2 -degenerate graph whenever 1 + 2 = 5 and 1 , 2 ≥ 1.
Here, we give the following conjecture which extends the above corollary if it is true. Conjecture 6. Let G be a planar graph and (H, f ) be a positive-valued cover. If κ ≥ 2 and f (v, 1)+ f (v, 2)+· · ·+ f (v, κ) ≥ 5 for each v ∈ V(G), then H has a strictly f -degenerate transversal.
Recently, Nakprasit and Nakprasit [45] proved the following result which partially support the conjecture. Theorem 6.7. Let G be a planar graph. Let H be a cover of G and f be a function from V(H) to {0, 1, 2}. If f (v, 1) + f (v, 2) + · · · + f (v, κ) ≥ 5 for each v ∈ V(G), then H has a strictly f -degenerate transversal.
Li and Wang [38] further extend it to the the class of K 5 -minor-free or K 3,3 -minor-free graphs. Theorem 6.8. Let G be a K 5 -minor-free or K 3,3 -minor-free graph. Let H be a cover of G and f be a function from V(H) to {0, 1, 2}. If f (v, 1) + f (v, 2) + · · · + f (v, κ) ≥ 5 for each v ∈ V(G), then H has a strictly f -degenerate transversal.
